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Slosh Dynamics Coupled with Spacecraft Attitude Dynamics
Part 2: Orbital Environment Application

R.J. Hung,*Y. T. Long,’ and Y. M. Chi*
University of Alabama in Huntsville, Huntsville, Alabama 35899

Coupling of slosh dynamics within a partially filled rotating Dewar of superfluid helium II with spacecraft
attitude dynamics is investigated in response to environmental disturbances including 1) lateral impulses, 2) gravity
gradient, and 3) g-jitter forces. The purpose of this study is to investigate 1) how a rotating bubble of superfluid
helium I reacts to the various environmental disturbances in conjunction with spacecraft attitnde dynamics, 2) how
amplitudes of slosh reaction forces and torques are induced and are activating on the Dewar coupled with attitude
dynamics in response to impulse and environmental disturbances, and 3) how spacecraft translational displacement,
velocity, and acceleration deviating from normal spacecraft operation are induced by the slosh dynamics driven
by these disturbances. The numerical computation of slosh dynamics is based on a rotational frame, whereas
the attitude dynamics is based on a nonrotational frame. The results show that major contributions to attitude
dynamics are driven by the coupling with slosh dynamics. Not considering the effect of slosh dynamics acting on
the spacecraft may lead to the wrong results for the development of guidance and attitude control techniques.

Introduction

O carry out scientific experiments, some experimental space-

craft use cryogenic cooling for observation instrumentation
and to maintain the temperature near absolute zero for mechanical
stability. Most often, the cryogen used is helium II. In this study,
coupling of spacecraft attitude dynamics with sloshing dynamics
driven by orbit environmental disturbances is investigated. These
orbit environmental disturbances include lateral impulses and grav-
ity gradient and g-jitter forces. The spacecraft uses the cooling and
boiloff from the liquid helium Dewar as a cryogen and propellant
to maintain the cooling of instruments, attitude control, and drag-
free operation of the spacecraft. Fluid management problems may
arise from asymmetric distribution of liquid helium and vapor and
also from perturbations in the liquid-vapor interface. Basic under-
standing of the coupling of slosh dynamics with the six degrees
of freedom of the attitude dynamics plays a significant role in the
development of spacecraft guidance and attitude control systems.

The mathematical formulation and theory for the coupling of
slosh-dynamics fluid motions in a spinning spacecraft Dewar acti-
vated by environmental disturbances including 1) lateral impulse,'
2) gravity gradient,~* and 3) g-jitter’~7 accelerations with space-
craft attitude dynamics, have been presented in Part 1 of this paper.®
A computational algorithm for the coupling between helium II slosh
dynamics and attitude dynamics has also been discussed and illus-
trated in Part 1 (Ref. 8).

To study the transient phenomena of coupling between environ-
mental-disturbance-driven slosh reaction forces and torques on the
one hand and spacecraft attitude dynamics on the other, we have
solved simultaneously for 1) the slosh dynamics in a fluid dynam-
ics formulation and 2) the attitude dynamics in a translational and
rotational formulation of spacecraft dynamics. This has been done
numerically with the help of the formulation and computational
algorithm presented in Part 1 (Ref. 8). Coupling between slosh dy-
namics and attitude dynamics is shown to affect deeply the behavior
of a bubble driven by slosh dynamics, which is quite different from
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the conclusions obtained earlier’-?~!* without taking into account the

effect of attitude dynamics. Furthermore, attitude dynamics driven
by slosh dynamics can cause the spacecraft to deviate from nor-
mal operation.®!” The results of the present study show that slosh
dynamics can 1) create additional time-dependent force, torque,
and mass-center fluctuations perturbing the normal spacecraft op-
erational systems, 2) drive progressive variations of the spacecraft
Eulerian angles, and 3) cause the spacecraft displacement, velocity,
and acceleration to deviate from normal operation.

Coupling of Helium IT Slosh Dynamics
and Attitude Dynamics

The characteristics of the three types of orbit environmental dis-
turbances acting on fluid systems are quite different. Lateral im-
pulses are in the form of spotty § functions with a short time period
of 1072 s, whereas both the gravity gradient'~!® and g-jitter'>!4
forces have continuous spectra covering the whole spacecraft or-
bital period. The magnitudes of these accelerations vary from 102
to 107%gy (go = 9.81 m/s?), and they act on fluid elements at dif-
ferent locations with different magnitudes in the case of gravity
gradient forces but with same magnitude in the case of impulse and
g-jitter forces. These differences are summarized in Table 1 of Part 1
(Ref. 8).

Lateral-Impulse-Driven Sloshing

It is assumed that a lateral impulse with the following forms of
force F and torque M act on the spacecraft system in the noninertial
(rotating) frame with Cartesian coordinates'~®:

F=(F,, F,,F)=(20,0,0)N

(€3]
M= MM, M;)=(0,10,0) N-m

for0 <t <1072 sand

F=(@0,0,00N

@
M=(0,0,0)0N-m

fort > 1072 s. With a spacecraft mass of 637.6 kg, the lateral im-
pulse is equal to 3.2 x 10~3g, in this case. In general, the magnitude
of lateral impulses ranges from 1072 to 10~?g.

The entire computations of slosh dynamics are carried out in
coupling with spacecraft dynamics. The slosh dynamics concluded
from the present study are quite different from the results obtained
earlier’® without considering the spacecraft dynamics. Figure 1
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Fig. 2 Time evolution of fluid and spacecraft mass-center fluctuations in response to lateral impulse: a) fluid mass center in (x, y, z) components
(rotating frame), b) fluid mass center (absolute value), c) spacecraft mass center in (X, ¥, Z) components (nonrotating frame), and d) spacecraft mass

center (absolute value).

shows the time evolution of the three-dimensional dynamical behav-
ior of the liquid-vapor interface (bubble) oscillations (in the rotating
frame) activated by a lateral impulse acting on the spacecraft in the
positive x direction and reacting on the fluid in the negative x direc-
tion (thus forcing the bubble in the positive x direction). This time
sequence displays the following behavior of the bubble dynamics in
response to the lateral impulse: 1) the bubble was first shifted in the
positive x direction (the liquid in the negative x direction); 2) the
bubble was also shifted in the positive y direction by the Coriolis

force due to rotation about the z axis in the rotating frame; and 3)
oscillating bubble deformations are seen throughout the 1500-s time
span of the simulation.

Figure 2a shows the time evolution of the growth and decay
of fluid mass-center fluctuations (in the rotating frame) in re-
sponse to a lateral impulse. These fluctuations also arise from the
torque of the impulse acting about the y axis, which drives slosh-
dynamic disturbances propagating along the z axis. The values of
the maximum and minimum coordinates of the fluid mass-center
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Fig. 3 Time evolution of slosh reaction force and torque (rotating frame) in response to lateral impulse: a) slosh reaction force in (x, y, z) components,
b) absolute value of slosh reaction force, c) slosh reaction torque in (x, y, z) components, and d) absolute value of slosh reaction torque.

fluctuations are Max(x.¢, Yrc, Zre) = (0.46,107*,0.25) cm and
Min(x.c, yrc, 2rc) = (—1.3, —1.9, —0.28) cm, respectively, and
the amplitudes of the maximum fluid mass-center fluctuations are
Max(Ax;c, Ayic, Azre) = (1.73,1.93,0.53) cm: We see that
Ayre > Axpec > Azgc.

The response to a lateral impulse can be described as follows:

1) Fluid mass was shifted initially the negative x direction by the
Dewar reaction force acting on the fluid in response to the impulse
acting on the spacecraft in the positive x direction.

2) Fluid mass-center fluctuations in the negative y direction in the
rotating frame were caused by the Dewar reactional Coriolis force
acting on the fluid in response to the impulse.

3) The major fluid mass-center fluctuations are in the negative-x
and negative-y quadrant of the x—y plane with small ripple oscilla-
tions along the z axis.

4) There is a time lag of 150 s between the impulse acting on the
spacecraft and the maximum fluid mass-center fluctuation displace-
ment. In other words, the fluid mass center fluctuation grows rather
slowly.

5) Figure 2b presents a time history of the fluid mass-center fluc-
tuations, showing an exponential decay with very long time constant
because of the extremely low surface tension and viscosity of he-
lium II.

Spacecraft system mass-center fluctnations (in the nonrotating
frame) have also been studied and are illustrated in Fig. 2c. The val-
ues of the maximum and minimum coordinates in the spacecraft
mass-center fluctuations are Max(Xsc, Ysc, Zsc) = (0.85, 0.63,
—0.24) cm and Min(Xsc, Ysc, Zsc) =(—0.6, —0.76, —0.50)
cm, respectively, and the amplitudes of the maximum spacecraft
mass-center disturbances are Max(AXsc, AYsc, AZsc) =(1.46,
1.39, 0.26) cm. We see that A Xs¢c > AYsc > AZgc in the nonrotat-
ing frame. The spacecraft mass-center fluctuations are very similar
to those of the fluid as shown in Figs. 2a and 2b in this subsection,
except that the former are shown in the nonrotating frame and the
latter in the rotating frame, in which the Coriolis force transfers
disturbance from the X to the Y axis. The magnitude is smaller for
spacecraft mass-center fluctuations than for fluid mass-center fluctu-
ations by the ratio of the liquid weight to the total spacecraft weight.
Figure 2d shows the time history of the spacecraft mass-center dis-
placement. Clearly the effects of helium slosh on the spacecraft
attitude control systems must be considered.

In this study, characteristics of the slosh reaction force and torque
fluctuations exerted on the Dewar in response to lateral impulses act-
ing onthe spacecraft are investigated. The mathematical formulation
of the fluctuations of slosh reaction forces and torques exerted on
the Dewar has been given earlier.’>!6 With its use, one can calculate

the slosh reaction force and the associated torque acting on the
Dewar.

Figure 3a shows the computed time variation of the fluctuations
of the slosh reaction force (in the rotating frame) exerted on the
Dewar in response to the impulse acting on the spacecraft. This
figure shows the following results:

1) The values of the slosh reaction force fluctuations are
(AFp,, AFy, AFL,)=(201,233,45.6) dynes, so that AF;, >
AF;, > AF;,. The maximum absolute values of the slosh reaction
force are Max(} Fr«|, | Fryl, | Fr.[) = (123, 192, 18.2) dynes. Hence
|Fryl > | Frx| > |Fr,l, which coincides with the tendency of the
fluid mass-center fluctuations, Ay;c > Axpe > Azjc.

2) The major slosh reaction forces exerted by the fluid system
on the Dewar are in the x—y plane, and there is a small ripple of
fluctuations along the z axis induced by the torque of the impulse
acting on the spacecraft along the y axis.

3) The slosh reaction force from the fluid system is exerted on
the container in response to the impulse with a very small time lag
(about 1073 s delay). As a matter of fact, the pattern of F,, in the
first 0.05 s is almost a duplication of that of the lateral impulse acting
on the spacecraft with a negative sign, except that the amplitude of
the slosh reaction force is smaller than that of the input amplitude
because of the damping effect of the fluid system. There are no
Fy, and F;, components of slosh reaction forces during the first
0.05 s. This is quite a contrast to the shifting of the fluid mass center
xrc, Which reaches its maximum value at time ¢ = 150 s, that is,
150 s after the action of the impulse. There is a time delay of the
peak values between F,, and Fy, due to the Coriolis effect of the
rotating container shifting from the x to the y axis in the rotating
frame. A 100-s phase shift in time for the peak value of F, after F,
is shown in Fig. 3a. This makes the direction of the total resultant
forces of slosh-dynamics-modulated fluid reaction forces on the
container vary sinusoidally from & = 30 to 60 deg in the rotating
frame. Figure 3b shows the time dependence of the absolute value
of the slosh reaction force acting on the Dewar.

4) The damping of the slosh reaction force acting on the Dewar
in response to the impulse is shown in both Figs. 3a and 3b. The
figures show that the fluids act as a damper of the oscillation arising
from the impulse acting on the fluid system.

Figure 3c shows time variations of the slosh reaction torque (in the
rotating frame) exerted on the Dewar in response to a lateral impulse
acting on the spacecraft. The values of the slosh reaction torque
fluctuations are (AMy,, AMyy, AM;) = (2.17,2.03, 1074 x 10°
dyne - cm, and the maximum absolute values of the slosh reaction
torque are Max(|My,|, |My,|, IM..]) = (1.56,1.30, 107*) x 10°
dyne - cm. This figure shows the following results:
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Fig. 5 Time evolution of fluid and spacecraft mass-center fluctuations driven by g-jitter-dominated forces: a) fluid mass center in (x, y, z) components
(rotating frame), b) fluid mass center (absolute value), ¢) spacecraft mass center in (X, Y, Z) components (nonrotating frame), and d) spacecraft mass

center (absolute value).

1) AM;, > AMy, 3> AMy, and (M| > |Myy| 3> {My,|. This
means that the major slosh reaction torques exerted on the Dewar by
the fluids in response to the lateral impulse acting on the spacecraft
are in the x—y plane in the rotating frame.

2) Similarly to the slosh reaction force, there is a very small time
lag (about 1072 s) between the peak of the slosh reaction torque
and that of the lateral impulsive torque M, acting on the spacecraft.
In other words, the pattern of My, in the first 0.05 s is almost a
duplication of that of the impulsive torque acting on the spacecraft
with a negative sign, except that the amplitude of the slosh reaction
torque is smaller than that of the input because of the damping effect
of the fluid system. Also, there is no M, or M, component of the
slosh reaction torque acting on the Dewar during the first 0.05 s.
Figure 3d shows the time dependence of the absolute value of the
slosh reaction torque acting on the Dewar.

Sloshing Driven by Combined Gravity Gradient and g-Jitter
Dominated by g-Jitter Forces

In this subsection, combined gravity gradient and g-jitter with.an
amplitude of 10~%g, are considered. It is shown in Part 1 (Ref. 8)
that gravity gradient accelerations are on the order of 107 g, for
an orbit with an altitude of 650 km. With a background gravity
of 10~%g, for g-jitter acceleration as considered in this case, the
combined gravity gradient and g-jitter accelerations acting on the
spacecraft correspond to the case of orbital accelerations dominated
by g-jitter forces acting on the fluid system of the spacecraft. It has
been shown that the magnitude of g-jitter accelerations ranges from
1075 t010"°g,.

The characteristics of gravity gradient and g-jitter forces acting
on the fluid elements in the rotating Dewar are quite different. Part 1
(Ref. 8) shows that for gravity gradient forces there are greater posi-
tive components of acceleration along the direction from the space-
craft mass’s center to the Earth’s center, and smaller negative compo-
nents of acceleration transverse to that direction. This phenomenon
shows that gravity gradient acceleration exerted on the fluid system
of spacecraft is equivalent to the combination of a time-dependent
twisting force with a turnaround torsional moment acting on the De-
war when the spacecraft is orbiting the Earth.'%~13 This study shows
that for sloshing driven by combined gravity gradient and g-jitter
forces, the dynamics are dominated by the g-jitter effects.

Figure 4A shows the time evolution of the three-dimensional dy-
namical behavior of interface oscillations driven by combined grav-
ity gradient and g-jitter accelerations dominated by the g-jitter force
with a low, 0.1-Hz jitter frequency. The g-jitter acceleration, shown
in Fig. 3C of Part 1 (Ref. 8), displays a sinusoidal oscillation along

the direction from the spacecraft mass’s center to the Earth’s center
[parallel to the unit vector . shown in Fig. 3A of Part 1 (Ref. 8)].
These phenomena show that the g-jitter acceleration exerted on the
fluid system of the spacecraft is equivalent to oscillatory forces that
push the bubble not only upward and downward [see the z compo-
nent of the g-jitter acceleration shown in Fig. 3C of Part 1 (Ref. 8)],
but also leftward and rightward (see the x and y components) as
the bubble rotates with respect to the spacecraft spin axis. The time
variations of the x and y components of the g-jitter accelerations,
shown in Fig. 3C of Part 1 (Ref. 8), correspond to the leftward and
rightward oscillations of bubbles shown here in Figs. 4A and 4B.
Figure 4B shows the time sequence of the liquid—vapor interface
profiles in the vertical r—z plane at & = 0 and 180 deg. For the
various frequencies of g-jitter-dominated accelerations considered,
it shows that lower-frequency g-jitter accelerations contribute more
to the driving of asymmetric profiles of the interface than do higher-
frequency accelerations.!S-1¢

Figure 5a shows sloshing due to the time evolution of fluid
mass-center fluctuations (in the rotating frame) driven by g-jitter-
dominated accelerations coupled with attitude dynamics. The maxi-
mum and minimum coordinates of the fluid mass-center fluctuations
are Max(x.c, yrc, 2rc) = (1.19, 1.21, 3.53) cm and Min(x ¢, yrc,
z1c) = (—1.20, —1.03, —1.84) cm, respectively, and their ampli-
tudes are Max(Ax.¢, Ayre, Azic) = (2.38,2.24,5.37) cm. We
see that Az;c > Axpc > Ayrc.

The results on the fluid mass-center fluctuations driven by g-
jitter-dominated acceleration coupled with attitude dynamics can
be summarized as follows:

1) The oscillations along the x and y directions basically follow
the trends of the time dependence of g-jitter accelerations along the
x and y axes coupled with attitude dynamics, as shown in Figs. 3C(a)
and 3C(b) of Part 1 (Ref. 8).

2) There are fluid mass-center fluctuations with greater amplitude
along the z axis in response to the trend of time evolution of g-jitter
acceleration along the z axis, in which half of the orbital period is in
the positive and the other half in the negative direction. This result is
exactly reflected in fluid mass-center fluctuations along the z axis as
shown in Fig. 5a with small ripples imposed by the slosh dynamics.

3) Coupling between slosh and attitude dynamics also results in
asymmetry of the fluid mass-center fluctuations while the spacecraft
is orbiting the Earth.

4) There is a time lag of 150 s between the moment when g-
jitter-dominated accelerations act on the spacecraft and the time
at which the fluid mass-center fluctuations reach their maximum.
Thus, the fluid mass-center fluctuations react rather slowly and do
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components, b) absolute value of slosh reaction torque, c) slosh reaction torque in (x, y, z) components, and d) absolute value of slosh reaction torque.

not instantly change direction at the moment of the direction change
of the g-jitter.

5) Figure 5b shows the time dependence of the absolute value
of the fluid mass-center fluctuations resulting from the coupling
between slosh and attitude dynamics. It shows time-dependent fluc-
tuations with large amplitudes corresponding to directional change
of g-jitter with respect to azimuth, while small ripples are imposed
on the oscillations by the slosh dynamics.

Spacecraft system mass-center fluctuations (in the nonrotat-
ing frame) in response to the coupling between slosh dynamics
driven by g-jitter-dominated force and attitude dynamics devi-
ated from normal operation have been studied and are illustrated
in Fig. 5c. The values of the maximum and minimum coordi-
nates of the spacecraft mass-center fluctuations are Max(Xsc, Ysc,
Zsc)=1(0.29, 0.43,1.6) cm and Min(Xs¢, Ysc, Zsc) =(—0.21,
—0.21. — 0.83) cm, respectively, and the amplitudes of the space-
craft mass-center fluctuations are Max(AXsc, AYsc, AZsc) =
(0.5,0.7,2.5) cm. We see that AZgc > AYsc > AXgc in the non-
rotating frame. Not considering the effect of slosh dynamics on the
spacecraft may lead to the wrong results for the case of g-jitter-
dominated accelerations.

In this study, characteristics of the slosh reaction force and torque
fluctuations exerted on the Dewar in response to the combined grav-
ity gradient and g-jitter accelerations dominated by g-jitter force
coupled with attitude dynamics are investigated. With reference to
slosh dynamics driven by combined orbital accelerations!®!! and
with the use of mathematical formulations,® %1516 one can calcu-
late the slosh reaction force and the associated torque acting on the
Dewar.

Figure 6a shows the computed time variation of the fluctuations of
the slosh reaction force (in the rotating frame) exerted on the Dewar
in response to the combined gravity gradient and g-jitter accelera-
tions dominated by g-jitter forces coupled with attitude dynamics.
This figure shows the following results:

1) The values of the slosh reaction force fluctuations
are (AFpy, AFp, AF.;)=(347, 327,352) dynes, so that
AF, > AFp, > AFy,, which coincides with the tendency of the
fluid mass-center fluctuations, Az;. > Axp, > Ay;.. The maxi-
mum absolute values of the slosh reaction force are Max(|Fy,|,
[ Fryl, 1FLz) = (177, 168, 180) dynes, so that we also have | F.| >
|FLel > |Fpyl.

2) There is a correspondence of tendency between fluid mass-
center fluctuations and the slosh reaction force in the x—y plane, as
shown in Figs. 5a and 6a. ‘

3) Comparison between Figs. 5a and 6a for the component
along the z axis, and also between Figs. 3C(c) [in Part 1 (Ref. 8)]
and 5a for the component along the same z axis, shows that the

g-jitter-dominated force as a driver and the fluid reaction force as a
driven are basically the same. However, it also shows that there is a
lag of 150 s between the time of driving-force action and the time
of fluid mass motion reacting to the force. In other words, there is
an immediate relation between the g-jitter-dominated force exerted
on the Dewar and the slosh reaction force acting on the container,
but it takes 150 s for the fluid mass motion to change from negative
to positive, or vice versa, after the driving force acting on the fluid
changes in the same direction.

4) There is no damping effect observed for the slosh reaction force
acting on the Dewar in response to the combined gravity gradient
and g-jitter forces acting on the fluid one after another during the
spacecraft orbital motion, as shown in both Figs. 6a and 6b.

Figure 6¢ shows time variations of the slosh reaction torque (in
the rotating frame) exerted on the Dewar in response to g-jitter-
dominated accelerations coupled with attitude dynamics acting on
the spacecraft. The values of the slosh reaction torque fluctuations
are (AMy,, AMy,, AM;) = (5.29,5.15,107%) x 10° dyne - cm,
and the maximum absolute values of the slosh reaction torque are
Max(IMr.|, MLyl |M1;]) = (2.85,2.64,107%) x 10* dyne - cm.
This figure shows the following results:

l) A1\4L)r > AMLy > AIMLZ and !MLXI > |MLyl > |MLz|~ This
means that the major slosh reaction torques exerted by the fluid on
the Dewar in the rotating frame are in the x—y plane in response to
the g-jitter-dominated accelerations acting on the spacecraft.

2) The sinusoidal oscillations of M, and M}, resemble the time
variation of the azimuth angle for the spacecraft orbital motion.
For the purpose of easier comparison between the slosh reaction
torques in the rotating and nonrotating frames, Fig. 6d shows the
time variation of the absolute value of the slosh reaction torque
acting on the Dewar.

Coupling of Attitude and Slosh Dynamics

A mathematical formulation of spacecraft attitude dynamics—
that of a rigid body with six degrees of freedom, three being trans-
lational and three rotational—has been presented in Part 1 (Ref. 8).
In this study, our primary interest is to investigate slosh dynam-
ics driven by environmental disturbances coupled with attitude dy-
namics. In other words, we investigate how additional accelera-
tions (moments) produced by slosh reaction forces (torques) may
cause a spacecraft to deviate from normal operation in terms of
displacement, velocity, acceleration, and angular momentum. As
shown in Part 1 (Ref. 8), inertial frames are adopted for the transla-
tional equations, and Eulerian angles are used for the three rotational
equations.'” As usual, ¥, 8, and ¢ are defined as the heading, atti-
tude, and bank angles,!” which are illustrated in Fig. 7a.
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In this study, computations of spacecraft dynamical parameters
deviating from those in normal operation have been carried out.
These deviations result from the spacecraft attitude behavior due to
the action of environmental disturbances on spacecraft systems in
which there is coupling between slosh and attitude dynamics. These
results are derived with and without the assumption of closed-loop
attitude control. ‘

Spacecraft Dynamics Driven by a Lateral Impulse

Figure 7b shows the time dependence of the Eulerian angles
©, ¥, ¢). It shows that there is a sinusoidal variation of 6 and ¥,
but a linear variation of ¢, which is associated with the angle of
rotation about the z axis. Figure 7c shows a sketch of corresponding
time variations of the trace of the spacecraft rotation axis. The time
variations of the angle in degrees between the initial position and
the direction of the spacecraft rotation axis at times represented by
numbers in Fig. 7c are listed. This shows that the spacecraft spin
axis is coning under the influence of coupling between the slosh
dynamics driven by a lateral impulse and the deviation of the at-
titude dynamics from normal operation. This figure indicates that
the spacecraft is unlikely to return to its original attitude without
correction once any external force, such as the lateral impulse, has
been applied to the spacecraft.

Figure 7d shows fluid angular momentum fluctuations in the ro-
tating frame. It shows a sinusoidal oscillation in the components
along the x and y axes, while a relatively small fluctuation appears
in the component along the z axis. The values of the angular mo-
mentum fluctuations are (AH,, AH,, AH,) = (9.6,10.7,1.7) x
10° g - cm?/s, and the maximum absolute values of the fluid angular
momentum are Max(|H,|, |H,|, |H.]) = (5.0,5.3,0.9) x 10° g -
cm?/s. Thus AH, > AH, > AH, and [H,| > |H,| >» |H,| in the
rotating frame. This is due to the fact that the major contributing
torque of the impulse is applied about the y axis and is transferred
to the x axis through the Coriolis force in the rotating frame.

Spacecraft system mass-center fluctvations (in the nonrotat-
ing frame) in response to the coupling between slosh dy-
namics driven by a lateral impulse and the deviation of
the attitude dynamics from normal operation have been stud-
ied and are illustrated in Fig. 2c. The values of the maxi-
mum and minimum coordinates of spacecraft mass-center fluc-
tuations are Max(Xsc, Ysc, Zsc) = (0.85,0.63, —0.24) cm and
Min(Xsc, Ysc, Zsc) = (—0.6, —0.76, —0.50) cm, respectively, and
the fluctuations of the maximum spacecraft mass-center dis-
turbances are Max(AXgc, AYsc, AZsc) = (1.46, 1.39,0.26) cm.
Thus AXsc > AYsc > AZgc in the nonrotating frame. Results for
the spacecraft mass-center fluctuations in response to coupling be-
tween slosh dynamics driven by impulse and the deviation of the
attitude dynamics from normal operation are very similar to those
derived from the fluid mass-center fluctuations obtained earlier, ex-
cept that 1) the former case is in the nonrotating frame and the
latter is in the rotating frame, in which the Coriolis force trans-
fers disturbance from the X to the Y axis; and 2) the former case
yields smaller magnitudes of fluctuations because of the averaging
between the dry mass of the spacecraft and the fluid mass fluctua-
tions. Figure 2d shows the time dependence of the absolute value
of spacecraft system mass-center fluctuations. Comparison between
Figs. 2b and 2d shows that spacecraft mass-center fluctuations are
dominated by the fluid system mass-center fluctuations. Not con-
sidering the effect of slosh dynamics acting on the spacecraft may
lead to the wrong results for the motion after the vanishing of the
lateral impulse.

During the coupling between slosh dynamics driven by animpulse
and the spacecraft attitude dynamics, the total force (Fs;) and torque
(M;) acting on the spacecraftare Fg; = F;+ Fp; and Mg; = M+
Mp;, to be computed from the coupling of the attitude dynamics
(translational and rotational equations) and the slosh dynamics (fluid
equations). Figure 8a shows the computed time variation of the
fluctuations of total force (in the nonrotating frame) exerted on the
spacecraft as a result of coupling between sloshing and attitude
dynamics. This figure shows the following results:

1) The values of the total force fluctuations acting on the space-
craft are (AFsx, AFsy, AFsz)=(323, 306, 41.2) dynes, so that
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AFsy > AFsy > AFgz in the nonrotating frame. The maximum
absolute values of the total force acting on the spacecraft are
Max(| Fsx|, | Fsyl, | Fsz|) = (189, 154,21) dynes. Thus we also
have |Fsx| > [ Fsy| > | Fsz|, which coincides with the tendency of
the spacecraft mass-center fluctuations (AX g¢ > AYs¢c > AZgc) in
the nonrotating frame.

2) Fy; in the rotating frame and Fg; in the nonrotating frame are
very hard to compare. Figure 8b shows the time variation of the
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absolute values of the total force acting on the spacecraft. Compar-
ison between Figs. 3b and 8b shows that | F5| and | F | are basically
the same, with a time lag of 1072 s after the vanishing of the lat-
eral impulse. This result implies that the total force acting on the
spacecraft is dominated by a slosh reaction force contributed by the
fluid system. Not considering the effect of the slosh reaction force
may lead to the wrong results for the motion after the vanishing
of the lateral impulse. There is a very small time lag (about 103
delay) between the time the force acts on the Dewar and time it is
transferred from the Dewar to become a reactive force acting on the
fluid. This time lag between action and reaction is quite different
from the time for shifting the spacecraft mass-center fluctuations;
the latter reaches a maximum value at time ¢ = 150 s, that is, 150 s
after the time the impulse acts on the Dewar and the reaction force
acts on the fluid.

4) The damping effect of the total force acting on the spacecraft
resulting from the coupling between slosh and attitude dynamics is
shown in Figs. 8a and 8b. The figures show that the fluid acts as an
oscillating damper in response to the coupling between sloshing and
attitude dynamics after the vanishing of the lateral impulse acting
on the fluid system.

Figure 8c shows the time variation of the total torque (in
the nonrotating frame) exerted on the spacecraft resulting from
the coupling between sloshing and attitude dynamics. The val-
ues of the total torque fluctuations acting on the spacecraft are
(AMgy, AMgy, AMsz) =(2.53,2.88, 0.1) x10° dyne - cm, and the
maximum absolute values of the total torque acting on the spacecraft
are Max(|Msx|, |Msy|, IMsz) = (1.27,1.59, 107%) x 10° dyne - cm
in the nonrotating frame. This figure shows the following results:

1) AMsy > AMsx > AMgz and [Msy| > |Msx| > |Msz|. This
means that the major torques exerted on the spacecraft in the nonro-
tating frame are in the X~Y plane and result from coupling between
sloshing and orbital dynamics after the vanishing of the impulse.

2) There is also a very small time Iag (about 1073 s) between the
time of action and the time of reaction for a torque acting between
the spacecraft and the fluid.

3) Figure 8d shows the time variation of the absolute value of total
torque acting on the spacecraft resulting from the coupling between
sloshing and attitude dynamics. Comparison between Figs. 3d and
8d shows that |Ms| and | M| are basically the same, with a time lag
of 1073 s after the vanishing of the impulse torque. This result also
implies that the total torque acting on the spacecraft is dominated
by the slosh reaction torque contributed by the fluid system. Not
considering the effect of the slosh reaction torque acting on the
spacecraft may lead to the wrong results for the motion after the
vanishing of the impulse torque.

4) The damping effect of the total torque acting on the spacecraft
resulting from the coupling of sloshing and attitude dynamics is
shown in Figs. 8¢ and 8d.

The time dependence of the spacecraft angular velocity in the ro-
tating frame, and the spacecraft translational displacement, velocity,
and acceleration in the nonrotating frame, which deviate from nor-
mal spacecraft operation because of coupling between slosh and
attitude dynamics, have been calculated and are plotted in Figs. 9a,
9b, 9¢, and 9d, respectively. Figure 9a shows the time evolution
of (wx,wy,wz) in the rotating frame. It shows that w, and ce)v
fluctuate in the ranges (8.1, 107%) x 10~ and (6.6, 1073) x 1073
rad/s, respectively, while o, is relatively constant with a value of
1.05 x 10~ rad/s and fluctuation of 10~ rad/s in the rolating
frame.

Figure 9b shows the time evolution of the spacecraft transla-
tional displacement (in the nonrotating frame), which deviates from
normal spacecraft operation, in response to an impulse ending at
t = 10~%s. As the impulse is acting along the X axis, there is a time-
dependent incremental displacement along the X axis, deviating
from the normal operation, with sinusoidal oscillations affected by
slosh dynamics, while the displacements along the Y and Z axes
are relatively small, with fluctuations in the ranges of (8.1, —4.0)
and (5 .02, —0.1) cm, respectively, after the vanishing of impulse at
t=10"°s

Figure 9c shows the time evolution of the spacecraft trans-
lational velocity (in the nonrotating frame), deviating from nor-
mal spacecraft operation, in response to the impulse ending at
t=10"2 s, It shows that the major translational velocities are Vy
and Vy with fluctuations in the ranges (6.8,0.14) x 1072 and
(3.7, —3.4) x 1072 cr/s, respectively, while Vy is relatively small,
with the range (6.3, —1.5) x 1073 cm/s. The sinusoidal oscilla-
tions of spacecraft translational velocities deviating from normal
operation are due to the effect of sloshing dynamics from the fluid
system.

Figure 9d shows the time evolution of the spacecraft transla-
tional acceleration (in the nonrotating frame), deviating from nor-
mal spacecraft operation, in response to an impulse ending at
t = 1072 5. Similarly to the translational velocities, the major trans-
lational accelerations are ay and ay with fluctuations in the ranges
(5.4, —3.8) x 10~*and (4.4, —4.3) x 10~* cm/s?, respectively, while
az isrelatively small with the range (5.9, —5.8) x 1073 cm/s?. Again,
sinusoidal oscillations of the spacecraft translational accelerations
deviating from normal operation are due to the effect of slosh dynam-
ics from the fluid system. This shows the effect of slosh dynamics
on the deviation of spacecraft translational dlsplacement velocity,
and acceleration from normal operation.
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Spacecraft Dynamics Driven by Combined Gravity Gradient and
g-Jitter and Dominated by g-Jitter Forces

Figure 10a shows the time dependence of the Eulerian angles
@, ¥, ¢). It shows that there is a sinusoidal variation for 8 and v
but a linear variation for ¢, which is associated with the spin angle
about the rotation axis z.

Figure 10b shows a sketch of the corresponding time variation
of the trace of the spacecraft spin axis. The time variations of the
angle in degrees between the initial position and the direction of
the spacecraft spin axis at times represented by numbers in Fig. 10b
are listed. This shows that the spacecraft spin axis is coning with
large and small swings under the influence of coupling between the
slosh dynamics driven by g-jitter-dominated forces and the devia-
tion of the attitede dynamics from normal operation. This spin-axis
coning with large and small swings is mainly driven by coupling of
sloshing and attitude dynamics during the time while the azimuth
angle of the spin axis is passing through zero. This figure indicates
that a spacecraft is unlikely to return to its original attitude without
correction once any external force, such as a g-jitter force, has been
applied to the spacecraft.

Figure 10c shows fluid angular momentum fluctuations in the ro-
tating frame. It shows a sinusoidal oscillation of the components
along the x and y axis while a relatively small fluctuation appears in
the component along the z axis. The values of the angular momen-
tum fluctuations are (AH,, AH,, AH;) = (3.6,3.7,0.83) x 10¢
g - cm?/s, and the maximum absolute values of the fluid angular mo-
mentum are Max (| H, |, | H, |, |H,) = (1.8, 1.9, 0.76) x 10° g - cm?/s.
Thus AH, > AH, > AH,and |H,| > |H,| > |H,|inthe rotating
frame. This is because the major contributing slosh reaction torques
are acting in the x—y plane in the rotating frame.

The spacecraft system mass-center fluctuations (in the nonrot-
ating frame) in response to the coupling between slosh dy-
namics driven by g-jitter-dominated force and attitude dynam-
ics deviating from normal operation have been studied and
are illustrated in Fig. S5c. The values of the maximum and
minimum of coordinates of the spacecraft mass-center fluc-
tuations are Max(Xgc, Ysc, Zsc) = (0.29,0.43,1.6) cm and
Min(Xsc, Ysc, Zs¢) = (—0.21, —0.27, —0.83) cm, respectively,
and the fluctuations of the maximum spacecraft mass-center
disturbances are Max(AXsc, AYsc, AZsc) = (0.5,0.7,2.5) cm.
We see that AZgc > AYse > AXgc in the nonrotating frame. The
results for the spacecraft mass-center fluctuations in response to cou-
pling between slosh dynamics driven by g-jitter-dominated forces
and orbital dynamics deviating from normal operation are very sim-
ilar to those for the fluid mass-center fluctuations obtained earlier
except that 1) the former case is in the nonrotating frame, and the
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latter is in the rotating frame and 2) the former case yields smaller
magnitudes of fluctuations because of the averaging between the
dry mass of the spacecraft and the fluid mass fluctuations. Figure 5d
shows the time variation of the absolute value of the spacecraft
system mass-center fluctuations. Comparison between Figs. 5b and
5d shows that spacecraft mass-center fluctuations are dominated by
the fluid system mass-center fluctuations. Not considering the effect
of slosh dynamics acting on the spacecraft may lead to the wrong
results when g-jitter-dominated acceleration acts on the orbiting
spacecraft.

During the coupling between slosh dynamics driven by g-jitter-
dominated forces and spacecraft attitude dynamics, the total forces
(Fs;) and torque (My;) acting on the spacecraft are Fy; = Fy; + Fp;
and Ms; = M;; + Mp;, to be computed from coupling of attitude
dynamics (translational and rotational equations) and slosh dynam-
ics (fluid equations). Figure 11a shows the computed time variation
of the fluctuations of the total force (in the nonrotating frame) on
the spacecraft resulting from coupling between sloshing and attitude
dynamics. This figure shows the following results:

1) The values of the total force fluctuations acting on the space-
craft are (AFsy, AFsy, AFsz = (359,102, 352) dynes, so that
AFsx > AFgz > AFgy in the nonrotating frame. The maximum
absolute values of the total force acting on the spacecraft are
Max(| Fsx|, | Fsyl, | Fsz) = (185, 52, 177) dynes. Thus also | Fsx | >
|Fsz| > |Fsyl|, which does not coincide with the tendency of the
spacecraft mass-center fluctuations, AZgc > AYsc > AXgc in the
nonrotating frame. This is because constantly fluctuating g-jitter-
dominated accelerations [see Fig. 3 in Part 1 (Ref. 8)] acting on the
fluid element do not provide enough time for the fluid to react be-
fore the arrival of the next such acceleration. This causes a mismatch
between the actuating force and the fiuid displacement.

2) Fy; in the rotating frame and Fg; in the nonrotating frame are
very hard to compare. Figure 11b shows the time variation of the
absolute values of total force acting on the spacecraft.

Comparison between Figs. 6b and 11b shows that | Fg| and | F. |
are basically the same. This is due to the following:

1) The fluid is constantly moving because of the bubble de-
formations driven by the g-jitter-dominated accelerations, which
contributes to the time evolution of the slosh reaction forces shown
in Fig. 6b.

2) Geometrically and dynamically, the solid-body portion of the
spacecraft is basically a rigid body and symmetric about the rotation
axis. This implies that the total force acting on the solid-body portion
of the spacecraft induced by the g-jitter-dominated accelerations is
zero at all times.

3) Addition of items 1 and 2 shows that the total contribution
of forces acting on the spacecraft diven by g-jitter-dominated ac-
celeration is just the total force contributed by the fluid system.
Not considering the effect of the slosh reaction force acting on the
spacecraft may lead to the wrong results.

4) There is no damping effect shown for the total force acting
on the spacecraft resulting from the coupling between slosh and
attitude dynamics, because the g-jitter-dominated force is equivalent
to up-and-down and leftward-and-rightward forces acting on the
fluid system one after another, as shown in both Figs. 11a and 11b.

Figure 11c shows the time variation of the total torque (in the
nonrotating frame) on the spacecraft resulting from the coupling
between sloshing and attitude dynamics. The values of the total
torque fluctutions acting on the spacecraft are (AMsy, AMgy,
AMgz) =(5.1,7.3, 1.1)x10% dyne - cm, and the maximum absolute
values of the total torque acting on the spacecraft are Max(|Msx|,
IMsy|, |Msz]) = (3.0,3.7,0.57) x 10° dyne - cm in the nonrotating
frame. This figure shows the following results:

a) AMsy > AMsx > AM;sz and |Msy| > |Msx| > |Msz|. This
means that the major torques exerted on the spacecraft in the nonro-
tating frame are in the x—y plane and result from coupling between
sloshing and attitude dynamics.

b) Figure 8d shows the time variation of the absolute value of
the total torque acting on the spacecraft resulting from the cou-
pling between sloshing and attitude dynamics. Comparison between
Figs. 6d and 11d shows that there is a basic difference between | M|
and |M_ |. This is for the following reasons. 1) Comparison between
Figs. 6b and 11b shows that there is no difference between | Fg| and
| Fr|, because the total force on the solid-body portion of the space-
craft induced by the g-jitter-dominated acceleration is zero. 2) The
zero resultant force leads to a nonzero moment acting on the space-
craft because of the additional force couple due to the nonzero mo-
ment arm. 3) Addition of the torque contributed by the slosh reaction
from the fluid and the nonzero force couple from solid-body portion
of spacecraft yields a time evolution of the total torque shown in
Fig. 11d, which is different from the contribution made by the slosh
reaction alone. 4) The four major peaks shown in Figs. 6d and 11d
are due to the direction change of the spacecraft rotation axis with
respect to the direction of the g-jitter-dominated force—that is, the
azimuth angle ¥ £. Namely, the four peaks in the torque result from
the change of ¥z from 0 to /2, /2 to 7, 7 to 3o, and 27 to 271
5) Comparison of the magnitudes between Figs. 6d and 11d shows
that the major contribution to the total torque acting on the spacecraft
is due to slosh reaction. Not considering the effect of the slosh reac-
tion torque acting on the spacecraft may lead to the wrong results.
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c) There is no damping effect shown for the total torque acting on
the spacecraft resulting from the coupling of sloshing and attitude
dynamics, because g-jitter acceleration is just like a time sequence
of up-and-down and leftward-and-rightward forces acting on the
spacecraft one after another, as has been shown in Figs. 11c and
11d.

The time-dependent spacecraft angular velocity in the rotating
frame and spacecraft translational displacement, velocity, and accel-
eration in the nonrotating frame, deviating from normal spacecraft
operation and resulting from coupling between slosh and orbital dy-
namics, have been calculated and are illustrated in Figs. 12a, 12b,
12c, and 12d, respectively.

Figure 12a shows the time evolution of (@, , ®,, w,) inthe rotating
frame. It shows that w, , w, fluctuate in the ranges (3.9, —4.1) x 1074
and (3.7, —3.2) x 10~* rad/s, respectively, while w, is relatively
constant with a value of 1.05 x 10~2 rad/s and fluctuation of 10~7
rad/s in the rotating frame.

Figure 12b shows the time evolution of the spacecraft trans-
lational displacement (in the nonrotating frame), deviating from
normal spacecraft operation, in response to the coupling of slosh
and attitude dynamics driven by g-jitter-dominated accelerations.
In the nonrotating frame, the spacecraft orbit is in the X—Z plane,
with the direction of the spin axis, —Z, constantly pointing toward
Rigel for the case of the Gravity Probe-B spacecraft. There is a
time-dependent incremental displacement with a maximum value
of 2.5 x 10° cm along the X axis, deviating from normal opera-
tion, while the displacements along the Y and Z axes are relatively
small, with fluctuations in the ranges (0.0, —94) and (38, —772) cm,
respectively.

Figure 12¢ shows the time evolution of the spacecraft translational
velocity (in the nonrotating frame), deviating from normal space-
craft operation, in response to the g-jitter-dominated forces. It shows
that the major translational velocities are Vy and V7 in the space-
craft orbital plane, with fluctuations in the ranges (83, —0.5) x 102
and (42, —41) x 1072 cm/s, respectively, while Vy, with direc-
tion perpendicular to the orbital plane, is relatively small with a
range (1.6, —6.0) x 1072 cm/s. Sinusoidal oscillations of spacecraft
translational velocities deviating from normal operation are due to
the effect of sloshing dynamics from the fluid system. Figure 12d
shows the time evolution of the spacecraft translational accelera-
tion (in the nonrotating frame), deviating from normal spacecraft
operation, in response to g-jitter-dominated forces. Similarly to
the translational velocities, the major translational accelerations are
ax and az with fluctuations in the ranges (4.9, —5.3) x 10~* and

(4.9, —4.9) x 10~* cm/s?, respectively, whereas ay is relatively small
with the range (1.4, —1.4) x 10~* cm/s?. Again, small ripple oscilla-
tions of spacecraft translational accelerations deviating from normal
operation are due to the effect of slosh dynamics from fluid systems.
This example shows the effect of slosh dynamics in causing the
spacecraft translational displacement, velocity, and acceleration to
deviate from their values in normal operation, the major deviations
being produced in the components in the orbital plane.

In this study, characteristics of the orbit environmental distur-
bances and their effects on slosh dynamics coupled with spacecraft
dynamics considered are given in Table 1 of Part 1 (Ref. 8). The
considerations of Newtonian fluid applicable to helium II adopted
in this paper have been discussed earlier.)!%1°

Conclusions

The dynamics of a spinning spacecraft Dewar acted on by orbital
environmental disturbances—including lateral impulse, gravity gra-
dient, and g-jitter forces—have been studied. The results show that
large-amplitude fluctuating slosh reaction forces and torques can be
induced that drive the spacecraft out of normal operation.

In this study liquid helium 1l is considered in the investigation.
The assumption of Newtonian fluid is applicable when the fluid ve-
locity of helium II exceeds the critical velocity, which is a function
of the fluid temperature and the size of the container. The rotational
velocities of liquid helium considered in this paper are far greater
than the critical velocities, which assures the validity of the Newto-
nian fluid assumption. The results obtained in this study are equally
applicable to other Newtonian fluids (such as liquid hydrogen, lig-
uid nitrogen, or hydrazine) through the use of similarity parameters
(Bond number, Weber number, capillary number, Grashof number,
Froude number, Reynolds number, etc.) with nondimensionalized
material properties (density, viscosity, surface tension, specific heat,
etc.). Detailed discussions of the use of similarity parameters are not
repeated here. As to fluids with non-Newtonian properties, the mod-
els of slosh reaction forces and torques employed in this study are
also applicable provided that the proper adjustment is made to the
definition of viscosity based on the ratio of viscous stress to fluid
velocity shear, i.e.,

-
 (3u/ayy

where n = 1 for Newtonian and » # 1 for non-Newtonian fluids.
Here wu, t,u,y, and »n stand for the viscous coefficient, viscous
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stress, fluid velocity, coordinate transverse to the direction of fluid
velocity, and proportionality constant. Thus, the models presented
in this study are quite general and are equaily applicable to both
Newtonian and non-Newtonian fluids.

In the study of the behavior of dynamical systems and the de-
velopment of the associated control systems, a mechanical system,
such as the mass—spring—damper system, has frequently been used.
This mechanical system is not appropriate to use in the development
of control techniques associated with sloshing dynamics, because
of the highly nonlinear behavior involved in the fluid mechanics
governed by the Navier—Stokes equations. This is why the dynami-
cal model of coupling between slosh and orbital dynamics has been
adopted to study the attitude and guidance controls associated with
liquid sloshing dynamics.

For the purpose of the study, the slosh dynamics is based on a
rotating frame, and the attitude dynamics on a nonrotating frame.
Computations of the fluctuations of spacecraft mass center and of
the forces and torques acting on the spacecraft and driven by these
environmental disturbances indicate that the major contributions of
attitude dynamics are those coupled with slosh dynamics. The liquid
motions create large-amplitude fluctuations in the slosh reaction
forces and torques acting on the Dewar, which drive the spacecraft
to deviate from normal operation. In fact, not considering the effect
of slosh dynamics on the spacecraft may lead to the wrong results.
The asymmetric orientation of the liquid sloshing in the tank may
also create control and pointing problems, because the translational
displacement, velocity, and acceleration as well as the rotational
displacement and velocity deviate from normal spacecraft operation.
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